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ON THE CONVERGENCE OF MULTIDIMENSIONAL S-FRACTIONS WITH
INDEPENDENT VARIABLES

In this paper, we investigate the convergence of multidimensional S-fractions with independent
variables, which are a multidimensional generalization of S-fractions. These branched continued
fractions are an efficient tool for the approximation of multivariable functions, which are repre-
sented by formal multiple power series. For establishing the convergence criteria, we use the con-
vergence continuation theorem to extend the convergence, already known for a small region, to a
larger region. As a result, we have shown that the intersection of the interior of the parabola and
the open disk is the domain of convergence of a multidimensional S-fraction with independent vari-
ables. And, also, we have shown that the interior of the parabola is the domain of convergence of
a branched continued fraction, which is reciprocal to the multidimensional S-fraction with inde-
pendent variables. In addition, we have obtained two new convergence criteria for S-fractions as a
consequences from the above mentioned results.
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1 INTRODUCTION

Establishing convergence criteria for the classes of functional branched continued fractions
with independent variables is one of the most important tasks of their studying.

A convergence criteria have been given in [1, 2, 5] for multidimensional regular C-fractions
with independent variables
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where the a;), i(k) € Iy, k > 1, are complex constants such that (k) #0,i(k) € Iy, k > 1,

Ik = {Z(k) . Z(k) = (il,iz,...,ik>, 1 < ip < Z'pfl, 1 < p < k, i() = N}, kZ 1,

denote the sets of multiindices, and where z = (z1,22,...,2N) € CV, in [8] for multidimen-
sional g-fractions with independent variables
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where the sy is positive constant and the i(k)s i(k) € Zy, k > 1, are real constants such that
0 < ik < 1,i(k) € Zy,k > 1,and z € CN, in [6] for multidimensional associated fractions

with independent variables
' Oiy i j Oy i
- Z . 21 (—=1)12b;(5zi 2, Ii (=1)™25bi5) 221,
+ 12 1 1 + i3:1 1 +
where the b, i (k) € Iy, k > 1, are complex constants such that b;) # 0,i(k) € Iy, k > 1, and

(5k,p is the Kronecker delta, 1 < k,p < N,z € CN, and in [7] for multidimensional J-fractions
with independent variables
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where the p;) and g;(), i(k) € Zy, k > 1, are complex constants such that p;) # 0, i(k) € Z,

k > 1,and z € CV. In this paper, we investigate a convergence of multldlmensmnal S-fraction
with independent variables
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where the ¢;(, i(k) € I, k > 1, are real constants such that ¢; ) > 0,z € CY, and reciprocal
toit
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We note that the multidimensional S-fraction with independent variables (1) is multidi-
mensional generalization of S-fraction
1z €z 32
LR R I ST ©)
where the ¢, k > 1, are real constants such that ¢, > 0,k > 1, z € C. A convergence result for

S-fraction is as follows (see Theorem 4.58 [9, p. 136]).

Theorem 1. Let (3) be an S-fraction and let H = {z € C : |arg(z)| < 7} be the complex plane
cut along the negative real axis. Then the following statements hold.

(A) The S-fraction (3) converges to a function holomorphic in ‘H if at least one of the two
series Y i 4 C1C3 CZC"Z kl Y Eii‘; 22 2 diverges.

(B) If the S fract1on (3) converges at a single point in H, then it converges at all points in H
to a holomorphic function.

(C) A sufficient condition for an S-fraction (3) to converge to a function holomorphic in H

is that there exists a constant M > 0 such thatc, < M, k > 1.

2 CONVERGENCE

We give two convergence criteria for multidimensional S-fraction with independent vari-
ables (1). For use in the following theorems we introduce the notation for the tails of (1):

Q?EQ)( )=1,i(n) € Ty, n>1, 4)
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wherei(k) € Iy, 1 <k <n—1, n > 2.1tis clear that the following recurrence relations hold

ik . .
Q) =1+ Y W gy e 1 <k<n-1,n2>2 ®)
ht1=1 Qi(kH)(Z)

Let fu(z) =1+ ijzl ;i(%)Z(il) be the nth approximant of (1), n > 1.
z

i(1)
We shall prove the following result.

Theorem 2. A multidimensional S-fraction with independent variables (1), where the c;y),
i(k) € Iy, k > 2, satisfy the conditions

ik
Y. Cikeny <1i(k) €T, k> 1, 7)

igy1=1
where r is a positive number, converges to a function holomorphic in the domain

cos? ()
2r

Py = U {z e CN ¢ |zx| — Re(zpe %) <

, lzel <M, 1§k§N} (8)
ae(—m/2,m/2)

for every constant M > 0. The convergence is uniform on every compact subset of P, 1.

Proof. Let a be arbitrary number from the interval (—7/2,7/2) and let n be arbitrary natural
number. Using relations (6), by induction on k for arbitrary of multiindex i(k) € Z; we show
that the following inequalities are valid

cos(a)
2

>0, )

where1 < k < n.

It is clear that for k = n, i(n) € Z,, relations (9) hold. By induction hypothesis that (9) hold
fork=p+1,p<n-1,i(p+1) € I,,1, we prove (9) for k = p, i(p) € Z,. Indeed, use of
relations (6) for arbitrary of multiindex i(p) € Z, lead to
an))(z)e—z’zx — i 4 i Ci(r(’;-)l)zipﬂe 2‘ux.

Z';7-%1:1 Qi(p+1)(z)e_zw

In the proof of Lemma 4.41 [9] it is shown that if x > ¢ > 0 and v? < 4u + 4,

. u+iv Vu?z +v2 —u
min Re — = — .
—co<y<+eo X+ iy 2x

(10)

We set

u= Re(ci(pﬂ)zipﬂe—zm), v = Im<ci(p+1)zip+1€_2i“),
re Re(QEFrzﬂ)(Z)e—M), y = Im(QEFrBH)(Z)E_m)-

Then for the arbitrary index i1, 1 <ip11 < ip, it follows from (7) and (8) that

_Zi“) < M

—2in
CipenyZi,ae | = Re(cipi)ziy, 5



CONVERGENCE OF BRANCHED CONTINUED FRACTIONS 61

From this inequality it is easily shown that v < 4u + 4.
Using (6)—(10) and induction hypothesis, we obtain

. F’ Z; e(z; e—2i0€
Re(QS&))(z)e_m) > cos( Z Cifp+) PH(L) &(Ziy )
T 2Re(Q)), ) (2)e )
> cos( Z pH COS(‘X) Cosz( %) > 0.
ip1=1

It follows from (9) that Qg(nk)) (z) # 0 for all indices. Thus, the approximants f,(z), n > 1, of
(1) form a sequence of functions holomorphic in P, 1.
Again, let « be arbitrary number from the interval (—7/2, 7t/2). And, let

o cos?(a)

Pa,a,r,M = {Z € CN |Zk| Re<zke_2m) < 27

, zk] < oM, 1§k§N}, (11)

where 0 < 0 < 1. We set

= (1) 12
€= max i) (12)

Using (9), (11) and (12), for the arbitrary z € Py rMm, Paorm C Prm, we obtain for n > 1

N
1(1)| 11| <14+ Z M = C(Pa,o',r,M>’
Re( 1(1)( z)e v) =1 cos(@)

| fu(z |<1+Z

where the constant C(P, , m) depends only on the domain (11), i.e. the sequence {f,(z)} is
uniformly bounded in P, ; » am.

Let K be an arbitrary compact subset of P, ). Let us cover K with domains of form (11).
From this cover we choose the finite subcover Pajlgj,,,M, 1 <j < kPaoyrmr PagoyrMs -5
P, 00,r,M- We set

C(K) = 1n<1]a<ka(7’a i1, M)-
Then for arbitrary z € K we obtain |f,(z)| < C(K), for n > 1, i.e. the sequence {f,(z)} is

uniformly bounded on each compact subset of the domain (8).
Let m = max{c,r,1/(2MN)} and let

1
;Cm:{ZEIRNZ 0<Zk<m,1§k§N}

Then for the arbitrary z € £, L, C P, m, we obtain

c 1 r
N < 2N linZial < N S 5o

‘Ci(l)zi1| < Z(k) € Ik/ k>1.

It follows from Theorem 1 [4], with gy = 1/2,i(k) € Zy, k > 1, that (1) converges in L,,. Hence
by Theorem 24.2 [10, pp. 108—109] (see also Theorem 2.17 [3, p. 66]), the multidimensional S-
fraction with independent variables (1) converges uniformly on compact subsets of P, j; to a
holomorphic function. O
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The following theorem can be proved in much the same way as Theorem 2 using Theo-
rem 4 [4].

Theorem 3. A multidimensional S-fraction with independent variables (1), where the c;y),
i(k) € Iy, k > 2, satisfy the conditions Ci) <1, i(k) € Iy, k > 2, wherer is a positive number,
converges to a function holomorphic in the domain

N , 2 N
Dy = U {z eCV: Y. <|zk\ —Re(zke_z“")> < coszr(tx), Yozl < M}

ae(—m/2,7/2) k=1 k=1
for every constant M > 0. The convergence is uniform on every compact subset of D, .

Next, we give two convergence criteria for multidimensional S-fractions with independent
variable (2). In addition to (4) and (5), for the tails of (2) we introduce the following notation:

© () —1 0™ (z) — Gz vk G, Ci)Z,
Qip)(2) =1 Qgy(2) =1+ Y. —5—_ 3. = L=t

in=1

And, thus, the nth approximant of (2) we may write as g, (z) =1/ Ql%gl) (z),n>1.
Now we shall prove the following result.

Theorem 4. A multidimensional S-fraction with independent variables (2), where the Ci(k)s
i(k) € Iy, k > 1, satisfy the conditions

ik_1

Yo ey <1, ik) €Ty, k=1, (13)
Q=1

where r is a positive number, converges to a function holomorphic in the domain

cos? ()

Pr = U {z € CN: |zi| — Re(zre %) < »

,1<k<N } . (14)
ae(—m/2,7/2)
The convergence is uniform on every compact subset of P;.

Proof. Let a be arbitrary number from the interval (—7/2, 7t/2). By analogy with (9) it is easy
to prove the validity of the following inequalities

cos(w)
2

Re(Qyf, " (z)e™™) > >0, (15)
wheren > 1,0 < k < n—1,i(k) € Z, if k > 1. It follows from (15) that Q%gl)(z) =% 0 for
all indices. It means that the approximants g,(z), n > 1, of (2) form a sequence of functions
holomorphic in P;.

Again, let « be arbitrary number from the interval (—7/2, 7t/2). And, let

o cos?(«)

Puor = {z € CN: |zt — Re(zre %) < P

,15ksz\r}, (16)
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where 0 < ¢ < 1. Using (15) for the arbitrary z € Py s+, Paor C Pr, we obtain for n > 1

1 2
gn(2)| < n-1) = C(Puor),

<
Re(Qi(o) (z)e—in) cos(a)
where the constant C(P,, ) depends only on the domain (16), i.e. the sequence {g,(z)} is
uniformly bounded in P, ;.

Let K be an arbitrary compact subset of P,. Let us cover K with domains of form (16).
From this cover we choose the finite subcover Py, o,,r, Payosrr -1 Papor- We set C(K) =
max)<j<k C(Pa;0;,r). Then for arbitrary z € K we obtain |gx(z)| < C(K), forn > 1, ie. the
sequence {g,(z)} is uniformly bounded on each compact subset of the domain (14).

Let £, = {z ERN: 0<z < ﬁ, 1<k< N} . Then from (13) for the arbitrary z € £,,
L, C Pr, we obtain

U iker, k>1.
—1

It follows from Theorem 2 [4], with g;x) = 1/2,i(k) € Z;, k > 1, that (2) converges in £,. Hence
by Theorem 24.2 [10, pp. 108—109] (see also Theorem 2.17 [3, p. 66]), the multidimensional S-
fraction with independent variables (2) converges uniformly on compact subsets of P, to a
holomorphic function. O

Finally, the following theorem can be proved in much the same way as Theorem 4 using
Theorem 5 [4].

Theorem 5. A multidimensional S-fraction with independent variables (2), where the c;y),
i(k) € Iy, k > 1, satisfy the conditions Citr) <1, i(k) € Iy, k > 1, where is a positive number,
converges to a function holomorphic in the domain

D, = U {z eCN: % <|zk| - Re(zke_m)) < COS;<“) } :

w€(—m/2,7/2) k=1
The convergence is uniform on every compact subset of D.

The following two corollaries are an immediate consequences of Theorems 2 and 4 respec-
tively.

Corollary 1. An S-fraction (3), where the ci, k > 2, satisfy the conditions ¢y < r, k > 2, where
r is a positive number, converges to a function holomorphic in the domain

1
’Hr,M:{ZGC: arg(z—FE)

for every constant M > 0. The convergence is uniform on every compact subset of H, j.

<7,z < A4}

Corollary 2. An S-fraction

1 ciz ¢z c3z

1+ 1 +1+1+
where the c;, k > 1, satisfy the conditions ¢, < r, k > 1, where r is a positive number,

converges to a function holomorphic in the domain
1
arg | z+— || <.
We note that, in view of Theorem 1, we conclude that Corollaries 1 and 2 give us two new
convergence criteria for S-fractions.

Ty

Hr:{ZEC:

The convergence is uniform on every compact subset of H,.
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AocaiaxyeTbest 361KHICTb 6araTOBMMIpHIX S-Ap06iB 3 HepiBHO3HAUHMMM 3MiHHVMMY, sIKi € 6ara-
TOBUMIipHNM y3araAbHEHHSIM S-Apo6iB. L1i TiAAsICTi AaHITIOTOBi ApO6Y € epeKTHMBHMM IHCTPYMEHTOM
AASI HabAVDKeHHST (PYHKIIM, 3aAaHMX POPMAABHMMI KPaTHMMM CTETIEHeBUMM psiAaMi. AAST BCTa-
HOBAEHHSI KPUTePiiB 361KHOCTI BUKOPUCTOBYETHCSI TeOpeMa PO MPOAOBXEHHSI 301KHOCTI i3 yxe
BiaOMOI MaArol obaacTi A0 6iabIIOL. Y pe3yAbTaTi IOKa3aHO, 10 IepeTUH MapaboAidHol i Kpyrosol
obaacTelt € 0bAacTIO 361KHOCTI 6araTOBMMIpHOTO S-Apoby 3 HepiBHO3HAUHMMM 3MiHHVMMMY, a apa-
6oAiuHa 06AACTH € 06AACTIO 301XKHOCTI TiAASICTOrO AQHIIFOTOBOTO APOOY, SIKVIA € 06epHEeHMM A0 ba-
raTOBMMIPHOTo S-Apo6y 3 HepiBHO3HauHMMM 3MiHHMMM. KpiM TOTO, OTpMMaHO ABa HOBMX KpUTepil
361>KHOCTi AAST S-ApOOIB SIK HACAIAKY 3 BUIIIE 3TaAaHMX pe3yAbTaTiB.

Kntouosi cnoea i ppasu: 36iKHICTH, piBHOMIpHa 30XKHICTH, S-Api6, baraToBUMipHWMIL S-Apib 3 He-
PiBHO3HAUHMMM 3MiHHUMIL.



	Титулка  Боднар Veb of Science
	Боднар  Veb on

